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THE DIRAC OPERATOR UNDER COLLAPSE TO A
SMOOTH LIMIT SPACE
SASKIA ROOS
Abstract. Let pMi, giqiPN be a sequence of spin manifolds with
uniform bounded curvature and diameter that converges to a lower
dimensional Riemannian manifold pB, hq in the Gromov-Hausdorff
topology. Lott showed that the spectrum converges to the spec-
trum of a certain first order elliptic differential operator DB on B.
In this article we give an explicit description of DB and character-
ize the special case where DB is the Dirac operator on B.
1. Introduction
LetMpm, dq be the space of closed m-dimensional Riemannian man-
ifolds pM, gq with | sec | ď 1 and diam ď d. Gromov proved that any se-
quence inMpm, dq contains a subsequence that converges with respect
to the Gromov-Hausdorff distance to a compact metric space [Gro81].
There it can happen that the dimension of the limit space is strictly
less than m. This phenomenon is called collapsing. One of the first
nontrivial examples of collapse with bounded curvature and diameter
was pointed out by Marcel Berger in 1962. He considered the Hopf
fibration S1 Ñ S3 Ñ S2. Scaling the fibers by an ε ą 0 one obtains
a collapsing sequence with bounded sectional curvature that converges
to a round two-sphere of radius 1
2
as εÑ 0.
The structure of collapse inMpm, dq was studied by Cheeger, Fukaya
and Gromov, [CG86, CG90, Fuk87b, Fuk88, Fuk89, CFG92]. Roughly
speaking the authors showed that a sequence pMi, giqiPN that collapses
to a metric space B can be approximated by a sequence of singular
fibrations fi : pMi, g˜iq Ñ B such that the fibers are infranilmanifolds
and fi is almost everywhere Riemannian submersions.
An interesting question is now, how do the spectra of geometric op-
erators behave under collapse? One would like to know if the spectrum
converges and how the limit spectrum is related to the spectrum of the
corresponding geometric operator on the limit space.
For the Laplacian on functions, Fukaya showed that if a sequence
pMi, giqiPN inMpm, dq converges with respect to the measured Gromov-
Hausdorff topology to a compact metric space B, then the spectrum of
the Laplacian on pMi, giqiPN converges to the spectrum of the Laplacian
2010 Mathematics Subject Classification. primary: 53C21, 53C27, 58J50; sec-
ondary: 22E25, 53B05.
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on B with respect to the limit measure, [Fuk87a]. In general this limit
measure is different to the usual volume measure and the spectrum
of the associated Laplacian differs from the spectrum of the Lapla-
cian with respect to the standard measure. In [Lot02b, Lot02c], Lott
generalized this behavior to the Laplacian on p-forms. Combining the
results of [Lot02b, Lot02c] with Bochner-type formulas for Dirac-type
operators, Lott proved similar results for the spectrum of Dirac-type
operators on G-Clifford bundles, where G P tSOpmq, Spinpmqu. The re-
sults of [Lot02a] can be briefly summarized as follows. Let pMi, giqiPN
be a sequence of manifolds with a G-structure in Mpm, dq that con-
verges to a lower dimensional space B. Then the spectrum of the Dirac
operator restricted to the subspace of spinors that are “invariant” along
the fibers of the fibrations Mi Ñ B converges to the spectrum of an
elliptic first order differential operator DB “ ?∆` V acting on a Clif-
ford bundle over B. Here ∆ is the Laplacian with respect to the limit
measure and V is a symmetric potential. The remaining part of the
spectrum goes to ˘8 in the limit iÑ8.
The aim of this paper is to characterize the limit operator DB in
more detail. We restrict our attention to collapsing sequences of spin
manifolds with smooth limit space. This paper is a continuation of
[Roo17] where we discussed the special case of collapsing sequences
of spin manifolds losing one dimension in the limit. In this special
case any collapsing sequence can be approximated by a sequence of
S1-bundles with a local isometric S1-action. In the general case any
collapsing sequence pMi, giqiPN with a smooth limit space pB, hq can
be realized as a collapsing sequence pfi : Mi Ñ BqiPN of fiber bundles
with infranil fibers and affine structure group [Fuk87b, Fuk89]. This
property allows us to prove
Theorem 1.1. Let pMi, giqiPN be a sequence of spin manifolds inMpn`
k, dq converging to a closed n-dimensional Riemannian manifold pB, hq.
Then there is a subsequence pMi, giqiPN such that for all i P N the space
of L2-spinors on Mi can be decomposed into
L2pΣMiq “ Si ‘ SKi
such that all eigenvalues of the Dirac operator on Mi restricted to S
K
i
go to ˘8 as i Ñ 8 and the eigenvalues of the Dirac operator on
Mi restricted to Si converge to the spectrum of the self-adjoint elliptic
first-order differential operator
DB “ DˇT `H
acting on a twisted Clifford bundle P over B. Here, DˇT is a Dirac
operator on P and H a C0,α-symmetric potential for α P r0, 1q.
In fact, we will give a complete description of the twisted Clifford
bundle P and of the potential H , see Theorem 4.4. We show that
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the following three geometric objects of the fiber bundles fi : Mi Ñ
B contribute to DB: The holonomy of the vertical distribution, the
integrability of the horizontal distributions and the intrinsic curvature
of the fibers. These three different conditions are independent from
each other as can be seen in the Examples 2.7, 2.8, 2.10, 2.11. As
a corollary we identify collapsing sequences where DB is the Dirac
operator on B.
The paper is structured as follows. In Section 2 we explain how the
results of [CFG92] imply that any collapsing sequence in Mpn, dq can
be approximated by a sequence of fiber bundles whose fibers are in-
franilmanifolds Z and the structure group lies in group of the affine
diffeomorphisms, AffpZq. Thus, we study the geometry of these fiber
bundles in great detail. In Section 3 we first show that the spin struc-
ture on the total space of a fibration M Ñ B does not imply that B
has a spin structure or is even orientable. Nevertheless we show how
the space of “invariant” spinors on M can be realized as spinors of a
twisted spinor bundle over B. In Section 4 we combine all the results
of the previous sections to prove the main result about the characteri-
zation of the convergent part of the Dirac spectra. As a conclusion we
characterize the special case, where the convergent part of the Dirac
spectra converges to the spectrum of the Dirac operator on the limit
space.
At this point we want to remark that this paper is an excerpt of the
author’s thesis [Roo18].
Acknowledgments. I would like to thank my supervisors Werner
Ballmann and Bernd Ammann for many enlightning discussions. My
great thanks also go to Andrei Moroianu for his invitation to Orsay
and his good explanations about spin structures on fiber bundles. I
also thank Alexander Strohmaier for showing me how eigenvalues can
be computed numerically. Furthermore, I thank the Max-Planck In-
stitute for providing excellent working conditions. This research was
financed by the Hausdorff Research Institute for Mathematics.
2. Geometry of Riemannian affine fiber bundles
Cheeger, Fukaya, and Gromov studied the structure of collapsing se-
quences with bounded sectional curvature in great detail and full gener-
ality, see [CFG92] and references therein. Restricted to our special case
of sequences pMi, giqiPN inMpn` k, dq converging to an n-dimensional
Riemannian manifold pB, hq we conclude from [CFG92] the following
Theorem 2.1. Let pMi, giqiPN be a collapsing sequence in Mpm, dq.
Suppose that this sequence converges to a Riemannian manifold pB, hq
with respect to the Gromov-Hausdorff topology. Then, for any i suf-
ficiently large, there is a metric g˜i on Mi and a metric h˜i on B such
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that
lim
iÑ8
}gi ´ g˜i}C1 “ 0,
lim
iÑ8
}h´ h˜i}C1 “ 0,
and fi : pMi, g˜iq Ñ pB, h˜iq is a Riemannian affine fiber bundle, i.e.
‚ fi is a Riemannian submersion,
‚ for each p the fiber Zp :“ f´1i ppq is an infranilmanifold with an
induced affine parallel metric gˆp,
‚ the structure group lies in AffpZq.
Moreover, the second fundamental forms of the fibers of the Riemann-
ian subermsions fi are uniformly bounded in norm by a positive con-
stant Cpmq and the sectional curvature of pMi, g˜iqiPN are uniformly
bounded by a positive constant Kpmq.
We shortly recall that an infranilmanifold Z is a compact quotient
Γå
N of a connected simply-connected nilpotent Liegroup N by a dis-
crete subgroup Γ of AffpNq “ NL ¸AutpNq, where NL is the group of
left translations acting on N and AutpNq is the automorphism group.
It follows that the canonical affine connection ∇aff on N , for which all
left invariant vector fields are parallel, descends to a connection ∇aff on
Z. The group AffpZq consists of those diffeomorphisms of Z that pre-
serve ∇aff and we call a tensor field on Z affine parallel if it is parallel
with respect to ∇aff . For a thorough introduction to infranilmanifolds
we refer to [Dek17], see also [CFG92, Section 3], [Lot02c, Section 3].
Proof of Theorem 2.1. By [Fuk88, Theorem 10.1] the metric h on B
is C1,α. Furthermore, for i sufficiently large, there is a fibration fi :
pMi, giq Ñ pB, hq such that the fiber is an infranilmanifold Zi. Next, we
apply the smoothing result by Abresch (see for instance [CFG92, The-
orem 1.12]): For any positive δ there is a smooth Riemannian metric g¯
such that
‚ }g ´ g¯}C1 ă δ,
‚ }∇¯iR¯}C0 ă Aipm, δq for some positive constants Aipm, δq.
By [Ron96, Proposition 2.5] there is a positive constant cpmq such that
| secpgq ´ secpg¯q| ď cpmqδ
for any sufficiently small positive δ. Now we can apply [CFG92, Propo-
sition 3.6 and 4.9] to the fibration fi : pMi, g¯iq Ñ pB, hq. We obtain
another metric g˜i with }g¯´ g˜}C1 ď C˜pmqdGHpM,Bq, for a positive con-
stant C˜pmq, such that fi : pMi, g˜iq Ñ pB, h˜iq is a Riemannian affine
fiber bundle for an induced metric h˜i and such that the second funda-
mental forms of fiber is bounded by a constant Cpmq. Letting δ go to
0 as i goes to infinity concludes the proof. 
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In particular, it suffices to study collapsing sequences of Riemannian
affine fiber bundles because Dirac eigenvalues are continuous under a
C1-change of the metric [Now13, Main Theorem 2].
2.1. Useful operators on Riemannian affine fiber bundles. Let
f : pM, gq Ñ pB, hq be a Riemannian affine fiber bundle with infranil
fiber Z. From now on, we set dimpBq “ n and dimpZq “ k for positive
integers n, k. Since f is a Riemannian submersion TM “ H‘V, where
H is the horizontal distribution isometric to f˚TB and V “ kerpdfq
is the vertical distribution. The relations between the curvatures of
pM, gq,pB, hq and the fibers pZ, gˆq are given by O’Neill’s formulas, see
for instance [Bes08, Theorem 9.28]. These formulas involve the two
tensors T and A defined via
T pX, Y q :“ `∇XV Y V ˘H ` `∇XV Y H˘V ,
ApX, Y q :“ `∇XHY V ˘H ` `∇XHY H˘V ,
for all vector fields X , Y P ΓpTMq. Here XV , XH denote the vertical,
resp. horizontal part. Roughly speaking, the T -tensor is related to
the second fundamental form of the fibers and the A-tensor vanishes if
and only if the horizontal distribution H is integrable. In what follows
many calculations are carried out in a local orthonormal frame chosen
as follows:
Definition 2.2. Let f : pM, gq Ñ pB, hq be a Riemannian affine fiber
bundle. For all x PM a local orthonormal frame pξ1, . . . , ξn, ζ1, . . . , ζkq
is a split orthonormal frame if pξ1, . . . , ξnq is the horizontal lift of a local
orthonormal frame pξˇ1, . . . , ξˇnq around p “ fpxq P B and pζ1, . . . , ζkq
are locally defined affine parallel vector fields tangent to the fibers.
Henceforth we label the vertical components a, b, c, . . ., and the hori-
zontal components α, β, γ, . . .. The Christoffel symbols with respect to
a split orthonormal frame pξ1, . . . , ξn, ζ1, . . . , ζkq can be calculated with
the Koszul formula:
(1)
Γcab “ Γˆcab,
Γαab “ ´Γbaα “ gpT pζa, ζbq, ξαq,
Γbαa “ gprξα, ζas, ζbq ` gpT pζa, ξαq, ζbq,
Γaαβ “ ´Γβαa “ ´Γβaα “ gpApξα, ξβq, ζaq,
Γγαβ “ Γˇγαβ.
Here Γˆcab are the Christoffel symbols of the fiber pZ, gˆq and Γˇγαβ are the
Christoffel symbols of pB, hq.
Remark 2.3. The above equations for the Christoffel symbols hold for
any Riemannian submersion f : M Ñ B if we choose the orthogonal
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frame similar to Definition 2.2. The only difference is that we only as-
sume that pζ1, . . . , ζkq is an orthonormal family of vector fields tangent
to the fibers.
For later use we consider the following two operators characterized
by their action on vector fields X, Y .
∇ZXY :“
`
∇XV Y
V
˘V
,
∇VXY :“
`
∇XHY
V
˘V
.
We observe that for each p P B, ∇Z restricted to a fiber Zp is the Levi-
Civita connection with respect to the induced metric gˆp. Since gˆp is
by assumption affine parallel, it follows that ∇Z preserves the space of
affine parallel vector fields. The difference Z :“ ∇Z´∇aff is a one-form
with values in EndpTZq, where we view TZ as a vector bundle over
M . Further, Z “ 0 if and only if the induced metric gˆp is flat for all
p P B. Next, we interpret ∇V as a connetion of the vertical distribution
V. Observe that ∇V preserves the space of affine parallel vector fields.
As any affine vector field on an infranilmanifold Z “ ΓåN lifts to a
left invariant vector field on the universal cover N , it follows that the
space of affine parallel vector fields on Z is finite dimensional. Thus,
there is a vector bundle P over B such that, for any p P B, the fiber
Pp is given by all affine parallel vector fields of the infranilmanifold Zp.
By the discussion above we conclude that Z descends to a well-defined
operator on P and ∇V induces a connection of P . In addition, there is
an A P Ω2pB,P q characterized by
ApX, Y q “ ApX˜, Y˜ q,
for any vector fields X, Y P ΓpTBq. Here X˜ denotes the horizontal lift.
2.2. Uniform estimates on Riemannian affine fiber bundles.
In the proof of Theorem 1.1 it will be shown that exactly the three
operators ∇V , Z and A, introduced above, contribute additionally to
the limit of Dirac operators on a collapsing sequence of spin manifolds
inMpn` k, dq. To ensure the continuity of the corresponding spectra,
we will choose subsequence such that these three operators converge on
B in the C0-topology. Our strategy is to prove uniform C1pBq-bounds.
Then we use the compact embedding C1 ãÑ C0,α, for α P r0, 1q to
choose strong C0,α-convergent subsequences.
Let f : pM, gq Ñ pB, hq be a Riemannian affine fiber bundle. The
C1pBq-bounds on ∇V , Z, and A will depend on the following three
bounds
}A}8 ď CA, }T }8 ď CT , }RM}8 ď CR.
The next lemma shows that such constants exist uniformly for any
sequence pMi, giqiPN in Mpn ` k, dq converging to an n-dimensional
Riemannian manifold pB, hq. In particular, we can restrict without loss
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of generality to the case of collapsing Riemannian affine fiber bundles
as all of the bounds derived in the next sections are also valid in the
case of collapsing sequences inMpn`k, dq with smooth n-dimensional
limit space.
Lemma 2.4. Let pMi, giqiPN be a sequence in Mpn ` k, dq converging
to an n-dimensional Riemannian manifold pB, hq. Then there is an
index I such that for all i ě I there are metrics g˜i on Mi and h˜i on
B such that fi : pMi, g˜iq Ñ pB, h˜iq is a Riemannian affine fiber bundle
and
(2)
lim
iÑ8
}g˜i ´ gi}C1 “ 0,
lim
iÑ8
}h˜i ´ h}C1 “ 0.
In particular, there is a positive constant CRpn`kq, such that | secg˜i | ď
CR for all i ě I. Moreover, there are positive constants CApn, k, Bq,
CT pn`kq such that the fundamental tensors Ai and Ti of the Riemann-
ian submersion fi : pMi, g˜iq Ñ pB, h˜iq are uniformly bounded in norm,
i.e. for all i ě I,
}Ai}8 ď CA,
}Ti}8 ď CT .
Proof. Applying Theorem 2.1, there is an index I such that for all i ě I
there are metrics g˜i onMi, and h˜i on B such that fi : pMi, g˜iq Ñ pB, h˜iq
is a Riemannian affine fiber bundle and the metrics pg˜iqiěI and ph˜iqiěI
satisfy (2). Moreover, there is a positive constant CRpn` kq such that
| secg˜i | ď CR for all i ě I and a uniform bound CT pn ` kq on the
T -tensor.
It follows from [Fuk88, Theorem 10.1] that for all i ě I there is a
Riemannian manifold pB˜, h˜Fi q with an isometric Opn ` kq-action such
that B˜äOpn` kq is isometric to pB, h˜iq. Furthermore, there is a
Λ1pn ` kq ą 0 such that | sech˜Fi | ď Λ1 for all i ě I, [Fuk88, Theo-
rem 6.1]. Since B˜äOpn` kq is a closed Riemannian manifold, there
is a Λ2pn ` k, Bq ą 0 such that the sectional curvature of pB, h˜iq is
uniformly bounded, i.e. | sech˜i | ď Λ2 for all i ě I. Thus, it follows via
O’Neill’s formula [Bes08, Corollary 9.29c] that
}Ai}28 ď
npn ´ 1q
6
p| secg˜i | ` | sech˜i |q ď npn´ 1q
6
pCRpnq ` Λ2q “: C2A.

2.2.1. Uniform bounds for ∇V . First we deal with ∇V . Let pe1, . . . , ekq
be a local affine parallel frame for the vertical distribution V such that
rX, eas “ 0 for any basic vector field X . We write x., .y for a locally
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defined metric on V characterized by xea, eby “ δab. There is a unique
positive definite symmetric operator W satisfying
gpU, V q “ xW pUq,W pV qy,(3)
for all vertical vector fields U, V . Recall that the induced metric on
the fiber is affine parallel. Hence, W is affine parallel as well. Let
pξ1, . . . , ξn, ζ1, . . . , ζkq be a split orthonormal frame where ζa :“W´1peaq.
A short computation shows that
gpT pζa, ξαq, ζbq “ 1
2
xpW´1ξαpW q ` ξαpW qW´1qea, eby.
Thus,
Γbαa “ gprξα, ζas, ζbq ` gpT pζa, ξαq, ζbq
“ gpξαpW´1qea, ζbq ` 1
2
xpW´1ξαpW q ` ξαpW qW´1qea, eby
“ 1
2
xpW´1ξαpW q ´ ξαpW qW´1qea, eby “: xWξαea, eby.
By abuse of notation, we use the same letter W for the connection
one-form of ∇V . To obtain a C1pBq-bound for ∇V , it suffices to derive
a uniform C1-bound on the connection form W.
Lemma 2.5. Let f : pM, gq Ñ pB, hq be a Riemannian affine fiber
bundle such that
}A}8 ď CA, }T }8 ď CT , }RM}8 ď CR,
then
}WX}8 ď 2CT }X}8,
}Y pW}X}qq}8 ď CpCT , CA, CRq}Y }8}X}8,
for any basic vector fields X, Y .
Proof. Let pξ1, . . . , ξn, ζ1, . . . , ζkq be a split orthormal frame such that
ζa “ W´1ea, as above. In particular, W can be viewed as a field of
symmetric positive definite matrices.
For the first inequality, we calculate
|T |2 “
nÿ
α“1
kÿ
a,b“1
gpT pζa, ξαq, ζbq2
“ 1
4
nÿ
α“1
kÿ
a,b“1
xpξαpW qW´1 `W´1ξαpW qqea, eby2
“ 1
4
nÿ
α“1
|ξαpW qW´1 `W´1ξαpW q|2
“ 1
2
nÿ
α“1
tr
`pW´1ξαpW qq2˘` tr `W´2ξαpW q2˘.
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As W´1 and ξαpW q are symmetric, it follows that
tr
`
W´2ξαpW q2
˘ “ |W´1ξαpW q|2 ě 0.
Since W´1 is also symmetric and positive definite it has a unique sym-
metric positive definite square root C, i.e. C2 “W´1. Replacing W´1
by C2 leads to
tr
`pW´1ξαpW qq2˘ “ trpC2ξαpW qC2ξαpW q˘ “ |CξαpW qC|2 ě 0.
Thus,
1
2
nÿ
α“1
}W´1ξαpW q}2 ď }T }2 ď C2T .(4)
It follows immediately that
}Wξα}8 “
1
2
}W´1ξαpW q ´ ξαpW qW´1} ď 2CT .
For the second inequality we fix a point x P M . Suppose that
pξ1, . . . , ξnq is the horizontal lift of an orthonormal frame parallel in
fpxq. We compute
ξβpWξαq “
1
2
´
W´1ξβξαpW q ´ ξβξαpW qW´1
` ξαpW qW´1ξβpW qW´1 ´W´1ξβpW qW´1ξαpW q
¯
.
By the inequality (4), it remains to bound the second derivatives.
A straight forward calculation shows that
(5)
gpp∇ξβT qpζa, ζbq, ξαq “
1
2
x
´
ξβξαpW qW´1 `W´1ξβξαpW q
` ξβpW qW´1ξαpW qW´1
´W´1ξβpW qW´1ξαpW q
´ ξβpW qW´1W´1ξαpW q
`W´1ξαpW qξβpW qW´1
¯
ea, eby
for all 1 ď a, b ď k. Since ξβξαpW q “ ξαξβpW q, it follows from (4) that
χα,β,i,j :“ gpp∇ξαT qpζi, ζjq, ξβq ´ gpp∇ξβT qpζi, ζjq, ξαq
is bounded by
}χα,β,i,j} ď 8C2T .
By [Bes08, 9.32],
χα,β,i,j “ gpp∇ζiAqpξβ, ξαq, ζjq ` gpp∇ζjAqpξβ, ξαq, ζiq.
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Inserting this equality in [Bes08, 9.28d] we obtain
gpRMpζj, ζiqξβ, ξαq “ gpp∇ζiAqpξβ, ξαq, ζjq ´ gpp∇ζjAqpξβ, ξαq, ζiq
` gpApξβ, ζjq, Apξα, ζiqq ´ gpApξβ, ζiq, Apξα, ζjqq
´ gpT pζj, ξβq, T pζi, ξαqq ` gpT pζi, ξβq, T pζj, ξαqq
“ 2gpp∇ζiAqpξβ, ξαq, ζjq ` χα,β,i,j
` gpApξβ, ζjq, Apξα, ζiqq ´ gpApξβ, ζiq, Apξα, ζjqq
´ gpT pζj, ξβq, T pζi, ξαqq ` gpT pζi, ξβq, T pζj, ξαqq.
Thus,
|gpp∇ζiAqpξβ, ξαq, ζjq| ď
1
2
CR ` 5C2T ` C2A “: C1.
Next, we consider [Bes08, 9.28c],
gpRpζj, ξβqξα, ζiq “ gpp∇ξβT qpζi, ζjq, ξαqq ´ gpT pζj, ξβq, T pζi, ξαqq
` gpp∇ζiAqpξβ, ξαq, ζjq ` gpApξβ, ζjq, Apξα, ζiqq.
It follows that
|gpp∇ξβT qpζi, ζjq, ξαqq| ď CR ` C2T ` 2C2A ` C1 “: C2.
Applying this bound and the inequality (4) to (5) we deduce
}W´1ξβξαpW q ` ξβξαpW qW´1} ď C2 ` 4C2T :“ C3.
Using the same strategy as in the proof of the inequality (4), it follows
that
}W´1ξβξαpW q} ď C3.
Collecting everything so far, the claim follows from
}ξβpWξαq}8 ď C3 ` 2C2T .

Remark 2.6. The condition for ∇V to be gauge equivalent to the trivial
connection is that the holonomy HolpV,∇Vq is trivial, see for instance
[Bau14, Section 4.3].
In the following example we show that ∇V can be the trivial connec-
tion although the T -tensor is nontrivial.
Example 2.7. Let M “ B ˆ Tk be the trivial Tk-bundle over a Rie-
mannian manifold pB, hq. In this situation the vertical distribution V
is the trivial vector bundle B ˆ Rk. For any i P N we endow M with
the Riemannian product metric
gi :“ h‘ 1
i2
u2gˆ,
where u : B Ñ R is a fixed smooth function and gˆ is the standard flat
metric on Tk. Then pM, giqiPN is a collapsing sequence with bounded
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sectional curvature and diameter. Consider the Riemannian submer-
sions fi : pM, giq Ñ pB, hq. The fibers are embedded flat tori and the
horizontal distribution is integrable for all i P N. The T -tensor is, for
all i P N, given by
TipU, V q “ gradpuq
u
gipU, V q
for any two vertical vectors U , V . We claim that the induced connec-
tion ∇V is trivial with respect to an isometric trivialization. To see
this claim, we adapt the notation of Lemma 2.5. Let ei1, . . . , e
i
k be an
orthonormal frame for gˆi. Any such choice induces a global vertical
frame on pM, giq. For Wi defined as in (3) we obtain
Wi “ u
i
Id .
Hence,
pWiqX “ 1
2
pW´1i XpWiq ´XpWiqW´1i q
“ 1
2
ˆ
i
u
Xpuq
i
´ Xpuq
i
i
u
˙
Id
“ 0.
Therefore, Wi “ 0 for all i P N, although the T -tensor is nontrivial.
Next, we state an example of a collapsing sequence such that the
corresponding connections ∇Vi do not converge to a connection that is
gauge equivalent to the trivial connection.
Example 2.8. Consider the two-dimensional torus T2 and choose an
element of AutpT2q – GLp2,Zq, e.g.
H :“
ˆ
2 1
1 1
˙
.
Let C :“ r0, 1s ˆ T2 be the cylinder over T2 and set
M :“ Cä„,
where we identify p0, xq with p1, Hxq for all x P T2. This defines a
nontrivial T2-bundle f : M Ñ S1. There is a Riemannian metric
g “ h‘ gˆ onM such that h is the standard metric on S1 and pgˆφqφPS1 is
a family of flat metrics on T2. Then pM, giqiPN with gi :“ h‘ 1i2 gˆ defines
a collapsing sequence with bounded sectional curvature and diameter
such that the induced connection ∇Vi is never gauge equivalent to the
trivial connection.
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2.2.2. Uniform bounds for Z. Next we consider Z “ ∇Z ´ ∇aff . Re-
call that ∇Z restricted to a fiber Zp is the Levi-Civita connection of
pZp, , gˆpq, where gˆp is the induced affine parallel metric. We also recall
that Z “ 0 if and only if the induced metric gˆp is flat for all p P B.
Lemma 2.9. Let f : pM, gq Ñ pB, hq be a Riemannian affine fiber
bundle such that
}A}8 ď CA, }T }8 ď CT , }RM}8 ď CR,
then
}Z} ď Cpk, CT , CRq,
}XpZq} ď Cpk, Ct, CA, CRq}X},
for all basic vector fields X.
Proof. Let pζ1, . . . , ζkq be as in the split orthonormal frame, see Defi-
nition 2.2. We define the associated structural coefficients τ cab via
rζa, ζbs “
kÿ
c“1
τ cabζc.
These are also the structural constants of the Lie algebra n of the
nilpotent Lie group N that covers Z with respect to the pullback of
pζ1, . . . , ζkq.
A straightforward calculation using the Koszul formula shows that
Γcab “ Γˆcab “
1
2
`
τ bab ´ τ bac ´ τabc
˘
.
Thus,
}Z}2 “
kÿ
a,b,c“1
pΓcabq2
“ 3
4
kÿ
a,b,c“1
pτ cabq2 ` 2
kÿ
a,b,c“1
pτ bacτabc ´ τ cabτ bac ´ τ cabτabcq
“ ´3 scalpZq,
because
řk
ia,b,c“1 τ
c
abτ
b
ac “ 0 as n is nilpotent and
řk
a,b,c“1pτ cabq2 “ ´4 scalpZq
by [Lot02c, Lemma 1]. Now the first inequality follows from O’Neill’s
formula [Bes08, 9.29c],
| scalpZq| ď
ÿ
a,b“1
| secZpζa, ζbq|
“
ÿ
a,b“1
| secMpζa, ζbq ´ |T pζa, ζbq|2 ` gpT pζa, ζaq, T pζb, ζbqq|
ď k2pCR ` 2C2T q.
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The second inequality is also proven in local coordinates,
|XpZq|2 “
kÿ
a,b,c“1
pXpΓcabqq2
for any basic vector field X . We calculate
|XpΓcabq| “ |gp∇X∇ζaζb, ζcq ´ gp∇ζaζb,∇Xζcq|
“ |gpRMpX, ζaqζb `∇rX,ζasζb `∇ζa∇Xζb, ζcq ´ gp∇ζaζb,∇Xζcq|
“ |gpRMpX, ζaqζb `∇rX,ζasζb, ζcq ´ gp∇Xζb,∇ζaζcq ´ gp∇ζaζb,∇Xζcq|.
As the Lie bracket rX, ζas is vertical for any basic vector field X and
1 ď a ď k, we use Lemma 2.5 to conclude that
|gp∇rX,ζasζb, ζcq| ď |rX, ζas| }Z}
“ |∇VXζa ` T pζa, Xq|}Z}
ď 3CT }Z}|X|,
and
|gp∇Xζb,∇ζaζcq| ď |gp∇VXζb,∇Zζaζcq| ` |gpApX, ζaq, T pζa, ζcqq|
ď p2CT }Z} ` CACT q|X|,
hold for any basic vector field X . Combining these inequalities we
conclude
|XpΓcabq| ď
´
CR ` 7CT }Z} ` 2CACT
¯
|X|.

The following example shows that for Riemannian affine fiber bun-
dles with non-flat fibers the one-form Z is nontrivial.
Example 2.10. Let M “ ΓåN be a nilmanifold, where N is the
3-dimensional Heisenberg group
N “
$&%
¨˝
1 x z
0 1 y
0 0 1
‚˛: x, y, z P R
,.-
and
Γ “
$&%
¨˝
1 x z
0 1 y
0 0 1
‚˛: x, y, z P Z
,.- .
The Lie algebra n of N is given by
n “
$&%
¨˝
0 x z
0 0 y
0 0 0
‚˛: x, y, z P R
,.- .
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We fix the basis
X :“
¨˝
0 1 0
0 0 0
0 0 0
‚˛, Y :“
¨˝
0 0 0
0 0 1
0 0 0
‚˛, Z :“
¨˝
0 0 1
0 0 0
0 0 0
‚˛
and let X˚, Y ˚, Z˚ be the dual basis. For any i P N we consider the
affine parallel metric
gi :“ 1
i2
X˚ ¨X˚ ` 1
i2
Y ˚ ¨ Y ˚ ` 1
i4
Z˚ ¨ Z˚.
It is not hard to check that pZ, giqiPN defines a collapsing sequence with
bounded curvature that converges to a point as i goes to infinity.
Since, ´
Γå
N, g1
¯
Ñ
´
Γå
N, gi
¯
,¨˝
1 x z
0 1 y
0 0 1
‚˛ ÞÑ
¨˝
1 ix i2z
0 1 iy
0 0 1
‚˛
is an i4-fold isometric covering the metric gi has the same nontrivial
curvature for all i P N. In particular, Zi does not vanish in the limit
iÑ8.
2.2.3. Uniform bounds for A. Finally we consider A P Ω2pB,Pq. This
two-form on a Riemannian affine fiber bundle f :M Ñ B is character-
ized by the property f˚A “ A|HˆH. In the following example we see
that this tensor can be nonzero while Z “ 0 and ∇V is trivial.
Example 2.11. Let f : pM, gq Ñ pB, hq be an S1-principal bundle
such that f is a Riemannian submersion with totally geodesic fibers
of length 2pi. Suppose further that the curvature form A of the S1-
principal bundle is nontrivial. Note that for any i the cyclic subgroup
Zi ă S1 acts on M by isometries. The sequence pMäZi, giqiPN con-
verges with bounded sectional curvature and diameter to pB, hq. Here
gi is the induced quotient metric. In this sequence the fibers are em-
bedded flat manifolds and the holonomy of the vertical bundle is trivial
for all i. However, the A-tensor of pMäZi, giq Ñ pB, hq is given by
AipX, Y q “ ´1
2
ApX, Y qV,
where X, Y are horizontal vector fields and V is a vertical vector field
of unit length. In particular Ai does not vanish in the limit iÑ8.
The following lemma is a generalization of [Roo17, Lemma 2.7].
Lemma 2.12. Let f : pM, gq Ñ pB, hq be a Riemannian affine fiber
bundle such that
}A}8 ď CA, }T }8 ď CT , }RM}8 ď CR,
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then
}A}C1pBq ď Cpk, n, CA, CT , CRq.
Proof. We use a split orthonormal frame, see Definition 2.2, and write
pf˚AqpX, Y q “ A|HˆHpX, Y q “
kÿ
a“1
gpApX, Y q, ζaqζa
“:
kÿ
a“1
AapX, Y qζa “:
kÿ
a“1
pf˚AaqpX, Y qζa .
Then,
}A}C1pBq ď
kÿ
a“1
p}Aa}8 ` }∇pAaq}8q
ď kCA `
kÿ
a“1
}∇pAaq}8.
We calculate the second term pointwise. Let p P B be arbitrary and
x P f´1ppq. Suppose further that pξ1, . . . , ξkq is the horizontal lift
of a local orthonormal frame
`
ξˇ1, . . . , ξˇn
˘
that is parallel in p P B.
Using [Bes08, 9.32] we obtain
|∇pAaq|2 “ 1
2
nÿ
α,β,γ“1
|p∇ξˇαAaqpξˇβ, ξˇγq|2
“ 1
2
nÿ
α,β,γ“1
|g`p∇ξαAqpξβ, ξγq, ζa˘|2
“ 1
2
nÿ
α,β,γ“1
ˇˇˇ
g
`
RMpξβ, ξγqξα, ζa
˘´ g`Apξβ, ξγq, T pζa, ξγq˘
` g`Apξγ, ξαq, T pζa, ξβq˘` g`Apξα, ξβq, T pζa, ξγq˘ˇˇˇ2
ď 1
2
nÿ
α,β,γ“1
pCR ` 3CACT q2.

3. Spin-like structures on Riemannian affine fiber
bundles
In this section we study Riemannian affine fiber bundles f : pM, gq Ñ
pB, hq, where pM, gq is a spin manifold with a fixed spin structure.
First, we discuss whether the spin structure on M induces a structure
on B or on the fibers. As f is a Riemannian submersion we discuss
afterwards how Clifford multiplication of vertical and horizontal vectors
acts on the spinors of M . In particular, we derive a formula for the
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Dirac operator on M expressing the influence of the “vertcial” and
“horizontal” geometry. Next we discuss how the affine connection ∇aff
on M lifts to a connection on the spinor bundle ΣM . This leads to the
notion of affine parallel spinors. The main result of the last subsection
is that the space of L2-affine parallel spinors is isometric to an explicit
given Clifford bundle over the base manifold B.
3.1. Induced structures. Let f : pM, gq Ñ pB, hq be a Riemannian
affine fiber bundle with infranil fiber Z. In the remainder of this sec-
tion we assume that M is a spin manifold with a fixed spin structure.
Since for any p P B, the fiber Zp “ f´1ppq is an embedded oriented
submanifold with trivial normal bundle there is an induced spin struc-
ture on Zp. Moreover, each path in B connecting two points p, q P B
induces an isomorphism between the induced spin structure on Zp and
the induced spin structure on Zq.
However, there is in general no induced spin structure on B, as can
be seen in Example 3.6. There are even examples of Riemannian affine
fiber bundles M Ñ B where M is spin and B is nonorientable.
Example 3.1 ( [Lot02a, Example on p. 184 ]). Let M :“ Up1qˆZ2 S2,
where Z2 acts on Up1q via complex conjugation and on S2 via the
antipodal map. Then M is spin and f : M Ñ RP2 is a nontrivial
S1-bundle.
Therefore, we also have to deal with pin˘ structures. Loosely speak-
ing, pin˘ structures are a generalization of spin structures to a nonori-
entable setting. In the following, we briefly sketch the basic defini-
tions and properties of pin˘-structures. For further details, we refer
to [KT90], [Gil89, Appendix A].
The double cover Spinpnq Ñ SOpnq can be extended to a double
cover of Opnq in two inequivalent ways, called ρ` : Pin`pnq Ñ Opnq
and ρ´ : Pin´pnq Ñ Opnq. As topological spaces Pin`pnq and Pin´pnq
are both isomorphic to Spinpnq \ Spinpnq but the group structure of
Pin`pnq and Pin´pnq is different. To see this, we consider the subgroup
tId, ru Ă Opnq, where r is a reflection along a hyperplane. Then
ρ`ptId, ruq – Zä2Z‘ Zä2Z,
ρ´ptId, ruq – Zä4Z.
The notion of pin˘ structures is an extension of the definition of spin
structures to the double covers Pin˘pnq Ñ Opnq.
Definition 3.2. A pin˘ structure on an n-dimensional Riemannian
manifold pM, gq is a Pin˘-principal bundle PPin˘B that is a double
cover of the orthonormal frame bundle POB, compatible with the dou-
ble cover Pin˘pnq Ñ Opnq.
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Example 3.3.
The real projective space RPn is
$’&’%
pin`, if n “ 4k,
pin´, if n “ 4k ` 2,
spin, if n “ 4k ` 3.
Similar to spin structures, the existence of a pin˘ structure is a
topological property characterized by the vanishing of specific Stiefel-
Whitney classes. The proof of the following theorem can be found
in [KT90, Lemma 1.3] .
Theorem 3.4. A manifold M admits a pin` structure if the sec-
ond Stiefel-Whitney class w2pMq vanishes and a pin´ structure if the
Stiefel-Whitney classes satisfy the equation w2pMq`w1pMq2 “ 0. The
topological obstruction for a spin structure is the vanishing of w2pMq
and w1pMq.
The i-th Stiefel-Whitney class wi of a vector bundle E ‘ F satisfies
wipE ‘ F q “
iÿ
k“1
wipEq Y wi´kpF q,
where Y is the cup product. Together with the above characterization
of the various structures, we conclude the following lemma, see [Gil89,
Lemma A.1.5].
Lemma 3.5. Let
0Ñ V1 Ñ V2 Ñ V3 Ñ 0
be a short exact sequence of real vector bundles over a manifold M .
For any permutation ti, j, ku of t1, 2, 3u, we have
(1) if Vi and Vj are spin, there is an induced spin structure on Vk,
(2) if Vi is spin and Vj is pin
˘, there is an induced pin¯ structure
on Vk,
(3) if Vi is pin
˘ and Vj is pin¯ and Vk is orientable, then there is
an induced spin structure on Vk.
Let f : pM, gq Ñ pB, hq be a Riemannian affine fiber bundle and
assume that M is spin. We have the following short exact sequence
0Ñ f˚TB Ñ TM Ñ V Ñ 0.
Here V “ kerpdfq is the vertical distribution. Applying Lemma 3.5 we
conclude that f˚TB is spin if and only if V is spin and that f˚TB is
pin˘ if and only if V is pin¯. But a spin or pin˘ structure on f˚TB
does not induce a corresponding structure on B itself as can be seen in
the following example.
Example 3.6 ( [Lot02a, Example on p. 184 ]). Consider S5 Ñ CP 2.
Then f˚w2pCP 2q P H2pS5,Z2q. But H2pS5,Z2q is trivial. Hence,
f˚w2pCP 2q “ 0 although CP 2 is not spin.
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Nevertheless, if B is spin or pin˘ then the structure can be pulled
back to f˚TB. Therefore, if B is pin˘ and V is pin¯ then there is an
induced spin structure on M by Lemma 3.5.
3.2. Spin structures and Riemannian submersions. We start with
an elementary discussion of the canonical complex spin representation
(see [LM89, Chapter I, §5] for more details). First, we recall that the
group Spinpnq is contained in the Clifford algebra Clpnq :“ ClpCnq of
Cn.
If n is even, then there is a unique irreducible representation χn :
Clpnq Ñ GLpΣnq and if n is odd, there are two inequivalent irreducible
representations χ˘n : Clpnq Ñ GLpΣnq. Here Σn is a complex vector
space of complex dimension 2rn2 s. The canonical complex spin repre-
sentation is defined as
θn :“
#
χn |Spinpnq , if n is even,
χ`n |Spinpnq , if n is odd.
It is important to remark here, that the restrictions χ`n |Spinpnq and
χ´n |Spinpnq are equivalent to each other, although the non restricted
representations χ`n and χ
´
n are inequivalent.
If n is even the canonical complex spin representation splits Σn “pΣ`n ‘ pΣ´n such that the restrictions θn |pΣ˘n are inequivalent irreducible
representations of Spinpnq. This splitting corresponds to the˘1 eigenspaces
of the complex volume element
ωCn :“ ir
n`1
2 sγpe1q ¨ ¨ ¨ γpenq.
Here pe1, . . . , enq is the standard basis of Rn and γ : Rn Ñ GLpΣnq
denotes Clifford multiplication, i.e. γpvqγpwq ` γpwqγpvq “ ´2xv, wy,
where x., .y is the standard scalar product on Rn. The map
Σn “ pΣ`n ‘ pΣ´n Ñ Σn “ pΣ`n ‘ pΣ´n ,
ψ “ ψ` ` ψ´ ÞÑ ψ¯ “ ψ` ´ ψ´
is called complex conjugation.
If n is odd the canonical complex spin representation θn is irreducible.
The complex volume element ωCn acts trivially on Σn. For later use, we
want to define θ´n :“ χ´n |Spinpnq for which the complex volume element
ωCn acts as ´1. With respect to this representation, the Clifford mul-
tiplication of x P Rn acts as ´γpxq. Recall from the discussion above
that the irreducible representations θn and θ
´
n are equivalent to each
other.
To understand the interplay of the spin structures on a Riemannian
submersion f : Mn`k Ñ Bn we need to discuss how the canonical
complex spin representation of Spinpn ` kq behaves under Spinpnq ˆ
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Spinpkq. Since dimCpΣmq “ 2rm2 s it follows at once that
dimCpΣn`kq “
#
2 dimCpΣnq dimCpΣkq, if n and k are odd,
dimCpΣnq dimCpΣkq, if n or k is even.
Thus, if n or k is even, there is a vector space isomorphism
Σn`k – Σn b Σk,(6)
Here ΣnbΣk is to be understood as the tensor product of two complex
vector spaces. We discuss the behavior of Clifford multiplication under
this isomorphism later in this section.
Counting dimensions, it follows that such an isomorphism cannot
exist if n and k are both odd. In that case, we proceed as follows:
Using the standard basis pe1, . . . , en`kq of Rn`k we consider the op-
erator
ωCn :“ ir
n`1
2 sγpe1q ¨ ¨ ¨ γpenq.
A short computation shows that pωCn q2 “ Id. Hence, the action of ωCn
decomposes Σn`k into the two eigenspaces Σ`n`k and Σ
´
n`k with respect
to the eigenvalues ˘1.
Remark 3.7. If n and k are odd, the splitting Σn`k “ Σ`n`k ‘Σ´n`k de-
fined above is different from the canonical splitting Σn`k “ pΣ`n`k‘pΣ´n`k
for even dimensions, as ωCn and ω
C
n`k are not simultaneously diagonal-
izable.
Next we observe that the operator
ωCk :“ ir
k`1
2 sγpen`1q ¨ ¨ ¨γpen`kq
anticommutes with ωCn . Moreover, pωCk q2 “ Id. Hence, the action of ωCk
defines an involution
ωCk : Σ
˘
n`k Ñ Σ¯n`k.
In the following, we identify Σ´n`k with the image ω
C
k pΣ`n`kq. Since
dimCpΣ˘n`kq “
1
2
dimCpΣn`kq “ dimCpΣnq dimCpΣkq,
there is an vector space isomorphism
Σ˘n`k – Σ˘n b Σk.
Here, the notation Σ˘n symbolizes that ω
C
n acts as ˘1. Later we will
see that, in fact, Σ˘n corresponds to the two irreducible spinor repre-
sentations θn, θ
´
n . Summarizing the above discussion, we conclude
(7)
Σn`k “ Σ`n`k ‘ Σ´n`k, if n and k are odd.
– `Σ`n b Σk˘‘ `Σ´n b Σk˘
– `Σ`n ‘ Σ´n ˘b Σk.
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Next we want to determine how Clifford multiplication with vectors
in Rn`k “separates” into Clifford multiplications on Σn and Σk. For
all natural numbers n and k the Clifford algebra Clpn`kq is canonical
isomorphic to the graded tensor product Clpnq bˆClpkq, endowed with
the multiplication
pa bˆϕq ¨ pb bˆψq “ p´1qdegpϕqdegpbqpa ¨ bq bˆ pϕ ¨ ψq,
see for instance [BHM`15, Proposition 1.12].
If n or k is even, the multiplication of the graded tensor product
Clpnq bˆClpkq carries over to Σn b Σk. In the remaining case, n and
k odd, we recall the eigenvalue decomposition Σn`k “ Σ`n`k ‘ Σ´n`k
together with the involution ωCk : Σ
˘
n`k Ñ Σ¯n`k. Since ωCk anti-
commutes with ωCn it follows that Clifford multiplication with vec-
tors v P Spante1, . . . , enu acts as γn`kpvq on Σ`n`k and as ´γn`kpvq
on Σ´n`k. On the other hand, Clifford multiplication with any vector
in Spanten`1, . . . , en`ku interchanges the eigenspaces Σ˘n`k and com-
mutes with ωCk . Using the isomorphisms (6) and (7) combined with the
above discussion, we obtain the following identifications for Clifford
multiplication with vectors px, vq P Rn ˆ Rk:
γn`kppx, vqqpψ b νq –
$’’’’&’’’’’%
pγnpxqψq b ν ` ψ¯ b pγkpvqνq, if n is even,
pγnpxqψq b ν¯ ` ψ b pγkpvqνq, if k is even,
pγnpxqψ` ‘´γnpxqψ´q b ν ` pψ´ ‘ ψ`q b pγkpvqνq,
if n and k are odd.
(8)
Here, γm denotes the Clifford multiplication of R
m on Σm and ψ¯ is
the complex conjugation. In the case, where n and k are even, both
possibilities are isomorphic to each other.
Now we return to the case of a Riemannian submersion f : pM, gq Ñ
pB, hq where M is an pn ` kq-dimensional spin manifold with a fixed
spin structure and dimpBq “ n. There is always locally an induced spin
structure on B with a locally defined spinor bundle ΣB and similarly a
locally defined induced spin structure on the vertical distribution V, i.e.
also a locally defined spinor bundle ΣV. Applying the above discussion
pointwise we conclude that
ΣM –
#
f˚pΣBq b ΣV, if n or k is even,
pf˚pΣ`Bq ‘ f˚pΣ´Bqq b ΣV, if n and k are odd.(9)
As we have seen in the last section, the base manifold B and the
vertical distribution V, in general, are not spin. Thus, the spinor bun-
dles ΣB and ΣV are only defined locally but their tensor product is
defined globally. The rules for Clifford multiplication (8) carry over to
the spinor bundle ΣM . In the setting of Riemannian manifolds, these
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rules allow us to distinguish Clifford multiplication with horizontal and
vertical vector fields.
Notation 3.8. Let f : pM, gq Ñ pB, hq be a Riemannian submersion
such that M has a fixed spin structure. For abbreviation we write
ΣM – f˚p Σ˛ Bq b ΣV,
where
Σ˛ B :“
#
ΣB, if n or k is even,
Σ`B ‘ Σ´B, if n and k are odd.
Next we calculate the spinorial connection on ΣM with respect to a
local orthonormal frame pξ1, . . . , ξn, ζ1, . . . , ζkq such that pξ1, . . . , ξnq is
the horizontal lift of a local orthonormal frame pξˇ1, . . . , ξˇnq in the base
space B and pζ1, . . . , ζkq is a locally defined vertical orthonormal frame
.
We recall that for any vector field X and spinor Φ the spinorial
connection ∇M on M is locally given by
∇MXΦ “ XpΦq `
1
4
n`kÿ
i,j“1
gp∇Xei, ejqγpeiqγpejqΦ,
where pe1, . . . , en`kq is a local orthonormal frame and the action of the
Dirac operator on a spinor Φ is locally define via
DMΦ “
n`kÿ
i“1
γpeiq∇Mei Φ.
It follows from (9) that locally any spinor Φ on M can be written as
a finite linear combination Φ “ řl f˚ϕl b νl. The next lemma follows
from straightforward calculations, where we use that the Christoffel
symbols of M are given by (1).
Lemma 3.9. Let f : pMn`k, gq Ñ pBn, hq be a Riemannian sub-
mersion. Suppose that M is a spin manifold with a fixed spin struc-
ture. With respect to a local orthonormal frame pξ1, . . . , ξn, ζ1, . . . , ζkq
22 SASKIA ROOS
as above, any spinor Φ “ f˚ϕb ν satisfies the following identities:
∇MξαΦ “ pf˚∇Bξαϕq b ν ` f˚ϕb∇Vξαν `
1
2
nÿ
β“1
γpξβqγ pApξα, ξβqqΦ
“: ∇TξαΦ`
1
2
nÿ
β“1
γpξβqγ pApξα, ξβqqΦ,
∇MζaΦ “ f˚ϕb∇Zζaν `
1
2
kÿ
b“1
γpζbqγ pT pζa, ζbqqΦ` 1
4
nÿ
α“1
γpξαqγ pApξα, ζiqqΦ
“: ∇ZζaΦ`
1
2
kÿ
b“1
γpζbqγ pT pζa, ζbqqΦ` 1
4
nÿ
α“1
γpξαqγ pApξα, ζaqqΦ,
DMΦ “
nÿ
α“1
γpξαq∇TξαΦ`
kÿ
a“1
γpζaq∇ZζaΦ´
1
2
kÿ
a“1
γ pT pζa, ζaqqΦ
` 1
2
nÿ
α,β“1
αăβ
γ pApξα, ξβqq γpξαqγpξβqΦ
“: DTΦ`DZΦ´ 1
2
kÿ
a“1
γ pT pζa, ζaqqΦ` 1
2
γpAqΦ.
Here ∇B, ∇V and ∇Z are the induced connections by the respective
connections on TM , defined in Section 2.
Observe that in the above lemma we introduced the twisted connec-
tion ∇T “ f˚∇B b ∇V on f˚ Σ˛ B b ΣV. Moreover, DT and DZ are
the corresponding Dirac operators for ∇T , resp. ∇Z and
γpAq :“
nÿ
α,β“1
αăβ
γ pApξα, ξβqq γpξαqγpξβq
is a symmetric operator acting on spinors.
3.3. Spin structures with affine parallel spinors. Let f : pM, gq Ñ
pB, hq be a Riemannian affine fiber bundle with infranil fiber Z. We
set n :“ dimpBq and k :“ dimpZq. Further, we assume that pM, gq
has a fixed spin structure. Recall from the beginning of Section 3.1
that there is an induced spin structure on the fibers Zp, p P B and
that all these spin structures are equivalent. Since the induced metric
gˆp is affine parallel for all p P B the affine connection ∇aff induces an
affine connection, also denoted by ∇aff on ΣM . The main result of this
section is that the space of affine parallel L2-spinors,
Saff :“ tϕ P L2pΣMq : ∇affϕ “ 0u
is isometric to a Clifford bundle over B.
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For any p P B we consider the space of affine parallel spinors re-
stricted of each fiber Zp, i.e.
Pp :“ tϕ P L2pΣZpq : ∇affϕ “ 0u.
Here ΣZp is the spinor bundle of the induced spin structure on Zp.
Since the spin structures on the fibers Zp and Zq are equivalent for all
p, q P B, it follows that the spaces Pp and Pq are isomorphic to each
other. Moreover, Pp is finite dimensional [Lot02a, p. 183], [Roo18,
Appendix A]. Let P :“ ŮpPB Pp Ñ B be the associated quasi bundle.
Lemma 3.10. Let f : pM, gq Ñ pB, hq be a Riemannian affine fiber
bundle such that M has a fixed spin structure. Then there is an isom-
etry
Q : L2p Σ˛ B b Pq Ñ Saff .
Moreover, the connection ∇T induces a connection q∇T on Σ˛ B b P.
Taking a split orthonormal frame pξ1, . . . , ξn, ζ1, . . . , ζkq around x, any
Φˇ P L2p Σ˛ B b Pq satisfies
∇MξαQpΦˇqx “ Qpq∇T Φˇqx ` 12
nÿ
β“1
γpξβqγpApξα, ξβqqQpΦˇqx
´ ξˇαpvolpZfpxqqq
2 volpZfpxqq QpΦˇqx.
Proof. It follows from the discussion in Section 3.2 that ΣM – f˚p Σ˛ Bqb
ΣV, where the spinor bundles Σ˛ B and ΣV are in general only defined
locally. Let f´1pUq – U ˆ Z be a trivializing neighborhood on which
Σ˛ B and ΣV are well-defined. Then any spinor Φ restricted to f´1pUq
can be written as finite linear combination Φ “ řl f˚ϕl b νl. By lin-
earity it suffices to consider elementary tensors f˚ϕ b ν. We observe
that
∇affpf˚ϕb νq “ f˚ϕb∇affν.
Thus, a spinor is affine parallel if and only if ν, restricted to any fiber
f´1ppq “ Zp, is an affine parallel spinor of Zp. Hence, on any trivializing
neighborhood we obtain an isomorphism
Q´1 : Saff Ñ L2p Σ˛ B b Pq,
pf˚ϕb νqx ÞÑ
b
volpZfpxqq ϕfpxq b νfpxq,
where νfpxq denotes the restriction of ν to the fiber Zfpxq. Due to the
factor
a
volpZfpxqq it is evident that Q´1 defines an isometry. Here
volpZfpxqq is the volume of the fiber Zfpxq with respect to the induced
affine parallel metric gˆfpxq. Since the structure group of the Riemannian
affine fiber bundle f : pM, gq Ñ pB, hq lies in AffpZq, Q´1 extends to a
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well-defined global isometry. Taking its inverse gives the desired map
Q.
It follows from the discussion in Section 2 that Saff is invariant un-
der the action of ∇T . Hence, there is an induced connection q∇T on
Σ˛ BbP. Using Lemma 3.9 the claimed identity follows from a straight-
forward calculation. 
Corollary 3.11. Let f : pM, gq Ñ pB, hq be a Riemannian affine fiber
bundle with a fixed spin structure on M such that Saff is nontrivial.
With respect to a split orthonormal frame pξ1, . . . , ξn, ζ1, . . . , ζkq, any
spinor Φ P Saff satisfies
DMΦ “ Q ˝ DˇT ˝Q´1Φ` 1
2
kÿ
a,b,c“1
băc
ΓcabγpζaqγpζbqγpζcqΦ`
1
2
γpAqΦ
“: Q ˝ DˇT ˝Q´1Φ` 1
2
γpZqΦ` 1
2
γpAqΦ.
Here, DˇT is the Dirac operator on Σ˛ BbP associated to the connection
∇ˇT .
Proof. Let Φ be an affine parallel spinor. Since f : pM, gq Ñ pB, hq
is a Riemannian affine fiber bundle, Saff is invariant under the action
of the Dirac operator DM . With respect to a split orthonormal frame
pξ1, . . . , ξn, ζ1, . . . , ζkq, we obtain
DMΦ “
nÿ
α“1
γpξαq∇ξαΦ`
kÿ
i“1
γpζaq∇ζaΦ
“
nÿ
α“1
γpξαq∇ξα
`
Q ˝Q´1pΦq˘` 1
4
kÿ
a“1
γpζaq
˜
kÿ
b,c“1
ΓcabγpζbqγpζcqΦ
¸
´ 1
2
kÿ
a“1
γpT pζa, ζaqqΦ` 1
4
kÿ
a“1
nÿ
α“1
γpζaqγpξαqγpApξα, ζaqqΦ
“ Q ˝ DˇT ˝Q´1Φ` 1
2
nÿ
α“1
nÿ
β“1
γpξαqγpξβqγpApξα, ξβqqΦ
´ 1
2
γ
ˆ
gradpvolpZfpxqq
volpZfpxqq
˙
Φ` 1
2
kÿ
a,b,c“1
băc
ΓcabγpζaqγpζbqγpζcqΦ
´ 1
2
kÿ
a“1
γpT pζa, ζaqqΦ´ 1
4
nÿ
α“1
nÿ
β“1
γpξαqγpξβqγpApξα, ξβqqΦ
“ Q ˝ DˇT ˝Q´1Φ` 1
2
γpZqΦ` 1
2
γpAqΦ.
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Here we used Lemma 3.9, Lemma 3.10, and the formulas for the Christof-
fel symbols, (1). The last line follows from the relation (see for in-
stance [GLP99, Lemma 1.17.2])
kÿ
a“1
T pζa, ζaq “ ´ gradplnpvolpZpqqq.
between the mean curvature
řk
a“1 T pζa, ζaq and the change of the vol-
ume of the fiber Zp. 
4. The Dirac operator under collapse to a smooth limit
space
In [Lot02a] Lott studied the behavior of Dirac eigenvalues on ar-
bitrary collapsing sequences in Mpn, dq. There Lott combined his
results for the eigenvalues of the p-form Laplacian on collapsing se-
quences [Lot02c,Lot02b] with the Bochner-type formulas for the Dirac
operator. Moreover, Lott’s results also hold for the Dirac operator on
differential forms, i.e. the operator
D “ d` d˚ : Ω˚pMq Ñ Ω˚pMq,
where d˚ is the adjoint of the exterior derivative d with respect to the
L2-inner product.
Theorem 4.1 ( [Lot02a, Theorem 3]). Given n P N and G P tSOpnq, Spinpnqu,
let pMi, giqiPN be a sequence of connected closed oriented n-dimensional
Riemannian manifolds with a G-structure. Let V be a G-Clifford mod-
ule. Suppose that for some d,K ą 0 and for each i P N we have
diampMiq ď d and }RMi}8 ď K. Then there is
(1) a subsequence of pMi, giqiPN which we relabel as pMiqiPN,
(2) a smooth closed G-manifold Xˇ with a G-invariant Riemannian
metric gTXˇ which is C1,α-regular for all α P r0, 1q,
(3) a positive G-invariant function χ P CpXˇq with ş
Xˇ
χ dvol “ 1,
(4) a G-invariant function V P L8pXˇqbEndpV q such that if ∆Xˇ de-
notes the Laplacian on L2pXˇ, χ dvolqbV and |DX | denotes the
operator
a
∆Xˇ ` V acting on the G-invariant subspace pL2pXˇ, χ dvolqb
V qG then for all k P N,
lim
iÑ8
λkp|DMi|q “ λkp|DX |q.
The limit measure χ is also necessary for the analogous results re-
garding the behavior of the eigenvalues of the Laplacian on functions
[Fuk87a] and the eigenvalues of the Laplacian on forms [Lot02c,Lot02b],
see Example 4.3.
For the special case of collapsing sequences inMpn, dq with a smooth
limit space Lott proved an accentuation of the above theorem [Lot02a,
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Theorem 2]. In the following we say that for a given ε ą 0 two collec-
tions of real numbers paiqiPI and pbjqjPJ are ε-close if there is a bijection
α : I Ñ J such that |bαpiq ´ ai| ď ε holds for all i P I.
Theorem 4.2 ( [Lot02a, Theorem 2]). Let B be a fixed smooth con-
nected closed Riemannian manifold and let n P N, G P tSOpnq, Spinpnqu
and V be a G-Clifford module. For any ε ą 0 and K ą 0, there are pos-
itive constants ApB, n, V, ε,Kq, A1pB, n, V, ε,Kq and CpB, n, V, ε,Kq
such that the following holds. Let M be an n-dimensional connected
closed oriented Riemannian manifold with a G-structure such that }RM}8 ď
K and dGHpM,Bq ď A1. Then there are a Clifford module EB on B
and a certain first order differential operator DB on C8pB;EBq such
that
(1) tarsinhp λ?
2K
: λ P σpDMq, λ2 ď AdGHpM,Bq´2 ´ Cu is ε-close
to a subset of tarsinhp λ?
2K
: λ P σpDBqu,
(2) tarsinhp λ?
2K
: λ P σpDBq, λ2 ď AdGHpM,Bq´2 ´ Cu is ε-close
to a subset of tarsinhp λ?
2K
: λ P σpDMqu.
The main result, Theorem 1.1, deals with the special case of collaps-
ing sequences pMi, giqiPN of spin manifolds in Mpn, dq converging to a
Riemannian manifold pB, hq. There we will give an explicit description
of the limit operator DB as a twisted Dirac operator with a symmetric
C0,α-potential. Moreover, we show that the limit operator DB satisfies
the conclusions of Theorem 4.1 with χ ” 1. This is a special behavior
for the eigenvalues of the Dirac operator on spin manifolds and does not
extend to the eigenvalues of the Dirac operator acting on differential
forms.
Example 4.3. Consider the torus T2 “ tpeis, eitq : s, t P Ru with the
Riemannian metric
gε :“ ds2 ` ε2cpsq2dt2,
for a fixed positive function c : S1 Ñ R`. The sequence pT2, gεqεą0 is
a collapsing sequence with bounded sectional curvature and diameter
converging to pS1, ds2q in the Gromov-Hausdorff topology as ε Ñ 0.
We observe that the integrability tensor Aε vanishes identically for
all ε and the T -tensor is characterized by c
1psq
cpsq independent of ε. In
particular, the T -tensor is nontrivial for all ε if we choose the function
c to be non constant.
We consider the Dirac operator acting on differential forms. In that
case the space of affine parallel forms is given by
Saff :“ tf P C8pT 2q : BBtf “ 0u Y tα ds P Ω
1pT 2q : BBtα “ 0u.
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The Dirac operator Dε “ d ` d˚ acts on pf ` αdsq P Saff as
Dεpfpsq ` αpsqdsq “ BBsfpsqds´ cpsq
´1 B
Bspcpsqαpsqq.
We observe that pDεq|Saff is independent of ε. In particular, in the limit
εÑ 0, the sequence pDεq|Saff induces a first order differential operator
D0 on Ω
˚pS1q. For any eigenform fpsq ` αpsqds P Ω1pS1q of D0 with
eigenvalue λ we have that
λfpsq “ ´cpsq´1 BBspcpsqαpsqq,
λαpsqds “ BBsfpsqds.
For example, if cpsq “ ecospsq then one can calculate numerically,
adapting the algorithm from [Str16, p. 3 - 6], that, without counting
multiplicities, the first eigenvalues are approximately given by
λ0 “ 0, λ1 « 0, 990, λ2 « 1, 137.
In particular, the spectrum of D0 does not coincide with the spectrum
of the Dirac operator DS
1
as σpDS1q “ Z.
Before we prove Theorem 1.1 we need to fix some notations. Let
pMi, giqiPN be a collapsing sequence of Riemannian spin manifolds in
Mpn`k, dq converging to an n-dimensional Riemannian manifold pB, hq.
By Theorem 2.1 there is an I P N such that for any i ě I there are
metrics g˜i on Mi and h˜i on B such that fi : pMi, g˜iq Ñ pB, h˜iq is a
Riemannian affine fiber bundle. Moreover,
lim
iÑ8
}g˜i ´ gi}C1 “ 0,
lim
iÑ8
}h˜i ´ h}C1 “ 0.
Let ΣMi and ĄΣM i be the spinor bundles of pMi, giq and pMi, g˜iq re-
spectively. There is an explicit isometry [Mai97, Section 2.2].
Θi : L
2pΣMiq Ñ L2pĄΣM iq.(10)
For a Riemannian affine fiber bundle fi : pMi, g˜iq Ñ pB, h˜iq the space
of affine parallel spinors Saffi Ă L2pĄΣM iq is well-defined. The Dirac
operator D˜Mi on pMi, g˜iq acts diagonally with respect to the splitting
L2pĄΣM iq “ Saffi ‘ `Saffi ˘K
since it commutes with the affine connection ∇aff . In general, for the
original fibration fi : pMi, giq Ñ pB, hq the induced metrics on the
fibers is not affine parallel. Thus, the affine connection ∇aff does not
induce a well-defined connection on the spinor bundle ΣMi. Instead
we use the isometry Θi to define
Si :“ Θ´1i pSaffi q.
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This induces the splitting
L2pΣMiq “ Si ‘ SKi .
But in contrast to Riemannian affine fiber bundles, the Dirac operator
DMi on pMi, giq, in general, does not act diagonally with respect to
this splitting. Nevertheless, it follows from the continuity of the spec-
tra of Dirac operators [Now13, Main Theorem 2] that the spectra of
the restrictions of DMi and D˜Mi to Si and S
aff
i , respectively to their
orthogonal complements, have the same limit as iÑ8.
Similar to (10) there is also an isometry
θi : L
2pTMiq Ñ L2pĄTM iq.
In the next theorem we interpret the operators ∇Vi, Zi and Ai on
pMi, giq as the pullbacks of the respective operators on pMi, g˜iq, intro-
duced in Section 2.1, via the map θi.
Using this terminology we state the explicit description of the limit
operator DB in Theorem 4.2 for collapsing sequences of spin mani-
folds converging to a Riemannian manifold of lower dimension in the
following theorem from which Theorem 1.1 follows immediately.
Theorem 4.4. Let pMi, giqiPN be a sequence of spin manifolds inMpn`
k, dq converging to a smooth n-dimensional Riemannian manifold pB, hq
such that the space Si is nontrivial for almost all i P N. Then there is
a subsequence pMi, giqiPN such that the spectrum of DMi|Si converges to
the spectrum of the elliptic self-adjoint first order differential operator
DB : dompDBq Ñ L2p Σ˛ B b Pq,
Φ ÞÑ DˇT8Φ` 1
2
γpZˇ8qΦ` 1
2
γpAˇ8qΦ,
where
Σ˛ B :“
#
ΣB, if n or k is even,
Σ`B ‘ Σ´B, if n and k are odd.
Further,
(1) P represents the space of affine parallel spinors of the fibers,
(2) DˇT8 is the twisted Dirac operator on Σ˛ BbP with respect to the
twisted connection q∇T8 “ ∇hb∇V8, where ∇h is the spinorial
connection on pB, hq and ∇V8 is induced by the C0,α-limit of
∇Vi for any α P r0, 1q,
(3) Zˇ8 is induced by the C0,α-limit of pZiqiPN for any α P r0, 1q,
(4) Aˇ8 is the C0,α-limit of pAiqiPN for any α P r0, 1q.
Proof. By the discussion above, we can assume without loss of gener-
ality that pfi : pMi, giq Ñ pB, hiqqiPN is a collapsing sequence of Rie-
mannian affine fiber bundles converging to pB, hq.
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In this setting we can use the isometry Qi : L
2p Σ˛ iB b Pq Ñ Saffi ,
see Lemma 3.10, and apply Corollary 3.11 to write
DMi “ Qi ˝ DˇTi ˝Q´1i `
1
2
γpZiq ` 1
2
γpAiq.
From the discussion in Section 2.1 it follows that γpZiq and γpAiq act
diagonally with respect to the splitting L2pΣMiq “ S˜affi ‘
´
S˜affi
¯K
.
Thus, there are well-defined operators Zˇi and Aˇi such that
DMi |S˜aff “ Qi ˝
ˆ
DˇTi ` 1
2
γpZˇiq ` 1
2
γpAˇiq
˙
˝Q´1i
“: Qi ˝Di ˝Q´1i .
Since Qi : L
2p Σ˛ iB bPiq Ñ S˜aff is an isometry, it follows that DMi|S˜aff is
isospectral to Di. Furthermore, the operator Di is densely defined on
H1,2p Σ˛ iB b Piq.
Now, we are going to choose a subsequence such that the spectrum
σpDiq converges to the spectrum of the claimed operator DB. The
main problem here is that the operators Di are defined on different
spaces. Thus, we need to find a common space on which we can study
the behavior of the spectrum of the sequence pDiqiPN. This is done in
the next three steps.
By abuse of notation, we use the same index i for any subsequence
we choose. The following identifications are based on the construc-
tions in [Lot02a, Section 4]. The idea here is similar to Fukaya’s main
idea in [Fuk88]. Namely, we will consider the corresponding sequence
of Spinpn ` kq-principal bundles and identify the spinors on pMi, giq
with Spinpn`kq-invariant functions on the corresponding Spinpn`kq-
principal bundle PSpinpMi, g˜iq.
Step 1: Identification of the spinors. Let Pi :“ PSpinpMi, giq be the
Spinpn ` kq-principal bundle of pMi, giq. Further, we set gPi to be a
Riemannian metric on Pi such that
pii : pPi, gPi q Ñ pMi, giq
is a Riemannian submersion with totally geodesic fibers and volppi´1i pxqq “
1 for all x PMi.
The isometric Spinpn ` kq action on Pi together with the canonical
complex spinor representation θn`k : Spinpn ` kq Ñ Σn`k induces an
isometric Spinpn` kq action on the tensor product L2pPi, gPi q b Σn`k.
Let
`
L2pPi, gPi q b Σn`k
˘Spinpn`kq
be the subspace that is invariant under
this Spinpn` kq action.
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Since the spinor bundle ΣMi of pMi, giq is defined as ΣMi “ Piˆθn`k
Σn`k it follows at once that there is a canonical isomorphism
Πi :
`
L2pPi, gPi q b Σn`k
˘Spinpn`kq Ñ L2pΣMiq.(11)
Step 2: Convergence of the Spinpn ` kq-principal bundles. Next we
consider the sequence pPi, gPi qiPN. By construction, the sectional cur-
vatures and the diameter of this sequence are uniformly bounded in i.
Thus, we can apply the G-equivariant version of Gromov’s compact-
ness theorem, [Fuk88, Lemma 1.11 and Lemma 1.13] to the sequence
pPi, gPi qiPN. It follows that there is a subsequence, which we denote
again by pPi, gPi qiPN, that converges to a compact metric space pB˜, hP q
on which Spinpn`kq acts as isometries. In particular, pB˜, hP qäSpinpn` kq
is isometric to the limit space pB, hq of the sequence pMi, giqiPN. Using
the same strategy as in [Fuk88, Theorem 6.1] it follows that pB˜, hP q is
a Riemannian manifold with a C1,α-metric.
As Fukaya’s fibration theorem also holds in a G-equivariant setting
[Fuk88, Theorem 9.1], it follows that there is a further subsequence
pPi, gPi qiPN such that for all i P N there is a Spinpn ` kq-equivariant
fibration f˜i : Pi Ñ B˜ with infranil fibers and affine structure group.
Since for every i P N, the metric gi onMi is invariant, it follows that gPi
is also an invariant metric, i.e. there is a Spinpn ` kq-invariant metric
hPi on B˜ such that
f˜i : pPi, gPi q Ñ pB˜, hPi q
is a Spinpn`kq-equivariant Riemannian affine fiber bundle. Moreover,
the following diagram commutes for every i P N,
pPi, gPi q pB˜, hPi q
pMi, giq pB, hiq .
f˜i
fi
Step 3: The space of affine parallel spinors. We fix an i P N and
recall the affine connection ∇aff on pMi, hiq that is induced by the
affine connection on the infranil fiber Zi of the Riemannian affine fiber
bundle fi : pMi, giq Ñ pB, hiq. Since for all p P B the induced metric gˆp
on the fiber Zp “ f´1i ppq is affine parallel, the connection ∇aff induces
an affine connection, on Pi. Hence, there is a well-defined subspace
L2pPi, gPi qaff Ă L2pPi, gPi q consisting of affine parallel functions. As we
already know that the space
`
L2pPi, gPi q b Σn`k
˘Spinpn`kq
is isometric
to L2pΣMiq, see (11), it follows that there is an induced isometryrΠi : `L2pPi, gPi qaff b Σn`k˘Spinpn`kq Ñ Saffi .(12)
Here Saffi denotes as usual the space of affine parallel spinors.
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Next, we observe that we can view L2pPi, gPi qaff also as the space of
functions in L2pPi, gPi q that are constant along the fibers of the fibration
f˜i : P˜i Ñ B˜. In particular, for any s P L2pPi, gPi qaff there is an sˇ P
L2pB˜, hPi q such that f˜˚i sˇ “ s. Hence, we have the isometry
L2pB˜, h˜Pi q Ñ L2pPi, gPi qaff ,
sˇ ÞÑ f˚i pv´
1
2
i sˇq,
where vippq “ volpf˜´1i ppqq for all p P B˜. Combined with (12) we obtain
the isometry
Q˜i :
´
L2pB˜, hPi q b Σn`k
¯Spinpn`kq
Ñ Saffi ,
such that the following diagram commutes´
L2pB˜, hPi q b Σn`k
¯Spinpn`kq
L2p Σ˛ iB b Piq Saffi .
ρi Q˜i
Qi
Here we used that there is an isometry ρi similar to (11).
We recall from Section 3.2 that
Σn`k – Σ˛ n b Σk,
with
Σ˛ n :“
#
Σn, if n or k is even,
Σ`n ‘ Σ´n , if n and k are odd,
where Σ`n and Σ
´
n are two isomorphic copies of Σn (compare (6), (7)).
Then´
L2pB˜, hPi q b Σn`k
¯Spinpn`kq
–
´
L2pB˜, hPi q b
`
Σ˛ n b Σk
˘¯Spinpn`kq
– L2p Σ˛ iB b Pq
for some fixed locally defined vector bundle P over B independent of
i. In particular, there are isomorphisms Pi Ñ P for all i P N and
therefore also isometries
Qi : L
2p Σ˛ iB b Pq Ñ Saffi .(13)
Now, Σ˛ iB is the only object left that depends on i. To remove
also this i-dependency, let us assume for the moment that B is a spin
manifold. For any i P N we consider the isometry
βˆhih : L
2pΣBq Ñ L2pΣiBq,
that was constructed in [Mai97, Section 2.2]. Here ΣB is the spinor
bundle of pB, hq and ΣiB is the spinor bundle of pB, hiq. Going back
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to the original case, where B is not necessarily spin, we can still apply
a local version of the isometry βˆhih to obtain an isometry
Θi : L
2p Σ˛ B b Pq Ñ L2p Σ˛ iB b Pq.
Step 4: The convergence of the Dirac eigenvalues. Similar to the
beginning of the proof, the Dirac operator DMi on pMi, giq restricted
to Saffi can be written as
DMi |S˜aff “ Qi ˝
ˆ
DˇTi ` 1
2
γpZˇiq ` 1
2
γpAˇiq
˙
˝Q´1i
“ Qi ˝Di ˝Q´1i ,
where Qi is now the isometry (13).
For any i P N the operator
Di :“ Θ´1i ˝Di ˝Θi
is isospectral to DMi|Saffi
and densely defined on H1,2p Σ˛ B b Pq. By a
small abuse of notation, we continue to write
Di “ DˇTi ` 1
2
γpZˇiq ` 1
2
γpAˇiq.
First, we observe that the C1-norms corresponding to pB, h˜iq are all
equivalent to the C1-norm on pB, hq as limiPN }h˜i´h}C1 “ 0. By Lemma
2.9 it follows that the sequence of operators
`
γpZˇiq
˘
iPN is uniformly
bounded in C1pB, hq. Further, we conclude from Lemma 2.12 that also
the sequence
`
γpAˇiq
˘
iPN is uniformly bounded in C
1pB, hq. Since C1 ãÑ
C0,α is a compact embedding for all α P r0, 1q there is a subsequence
such that
`
γpZˇiq
˘
iPN and
`
γpAˇiq
˘
iPN converge to well-defined operators
γpZˇ8q and γpAˇ8q in C0,α for any α P r0, 1q.
As q∇Ti corresponds to the twisted connection ∇h˜i b q∇Vi it follows
from Lemma 2.5 that there is a further subsequence pMi, giqiPN such
that the corresponding sequence pDiqiPN is a sequence of operators that
are densely defined on H1,2p Σ˛ B b Pq. Furthermore, the sequence
pDiqiPN converges in BpH1,2p Σ˛ B b Pq, L2p Σ˛ B b Pqq to the claimed
limit operator DB. Here, Bp., .q is the space of bounded linear operators
endowed with the operator norm. Thus the spectra pσpDiqqiPN converge
to σpDBq by the results of [Now13, Section 4]. 
Remark 4.5. In [Roo17, Theorem 5.1 and Theorem 5.2] we studied the
behavior of Dirac eigenvalues of collapsing sequences of spin manifolds
in Mpn` 1, dq. Assuming the limit space to be smooth, [Roo17, The-
orem 5.1 and Theorem 5.2] and Theorem 4.4 are compatible. The
statement that the spaces Si should be nontrivial for almost all i P N
corresponds to the case of projectable spin structures in [Roo17]. In
that case we also obtained in the limit a twisted Dirac operator with a
potential related to the A-tensor. Moreover, the twist was nontrivial if
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and only if∇Vi where trivial for almost all i P N. The potential 1
2
γpZˇ8q
does not appear in the case k “ 1, as the fibers are all one-dimensional.
As a conclusion of Theorem 4.4 we can characterize the special case
where the spectrum of the limit operator DB coincides with the spec-
trum of the Dirac operator on the manifold B up to multiplicity. We
formulate the following corollary for collapsing sequences of Riemann-
ian affine fiber bundles. Combining Theorem 2.1 and the C1-continuity
of Dirac eigenvalues [Now13, Main Theorem 2] this corollary extends
to any collapsing sequence in Mpn` k, dq with smooth n-dimensional
limit space.
Corollary 4.6. Let pfi : pMi, giq Ñ pB, hiqqiPN be a collapsing sequence
of Riemannian affine fiber bundles such that pMi, giqiPN is a spin mani-
fold inMpn`k, dq and B is a closed n-dimensional manifold. Further,
we denote by Zi the closed k-dimensional infranilmanifold which is dif-
feomorphic to the fibers of fi : pMi, giq Ñ pB, hiq. If
lim sup
iÑ8
}HolpVi,∇Viq ´ Id }8 “ 0,
lim sup
iÑ8
ˆ
sup
pPB
} scalpZ ipq}8
˙
“ 0,
lim sup
iÑ8
}Ai}8 “ 0,
and Saffi is nontrivial for almost all i P N, then there is a subsequence
also denoted by pMi, giqiPN such that the spin structure on pMi, giq in-
duces the same spin structure on B for all i P N and such that the
spectrum of the Dirac operator DMi|Saffi
converges, up to multiplicity, to
the spectrum of DB, if n or k is even, and to the spectrum of DB‘´DB,
if n and k are odd. Each eigenvalue is counted rankpPq-times.
Proof. From the above theorem it follows that the limit operator DB
equals DB b Id, respectively pDB ‘´DBq b Id if
(1) ∇V8 is gauge equivalent to the trivial connection,
(2) Z8 “ 0,
(3) A8 “ 0.
Regarding the first point, we note that ∇V8 is gauge equivalent to the
trivial connection if pVi,∇Viq is in the limit iÑ8 a trivial vector bun-
dle with trivial holonomy, see Remark 2.6. In this case it is immediate
that P is the trivial vector bundle. Hence, Σ˛ B is globally well-defined.
In particular, there is a well-defined induced spin structure on B. As
there are only finitely many equivalence classes of spin structures on
a fixed closed Riemannian manifold [LM89, Chapter II, Theorem 1.7],
we can choose a subsequence, again denoted by pMi, giqiPN such that
the spin structure on pMi, giq induces the same spin structure on B for
all i P N.
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Since }Zi}8 ď 3} scalZi }8, see the proof of Lemma 2.9, the second
condition implies that the limit Z8 vanishes identically. Finally, it is
immediate that A8 “ 0 is equivalent to the vanishing of the A-tensor
in the limit since }Ai}8 “ }Ai}8 by definition.
For the last statement, let l :“ rankpPq. Since P is the trivial vector
bundle there is a global frame pρ1, . . . , ρlq. Let ϕ be an eigenspinor of
DB, resp. DB ‘´DB. Then for any 1 ď j ď l the spinor ϕ b ρj is an
eigenspinor of DB with the same eigenvalue. Hence, any eigenvalue of
DB, resp. DB ‘´DB is counted l-times. 
We conclude that there are three geometric obstructions for a con-
vergence to the Dirac operator on the base space. As discussed in the
Examples 2.7, 2.8, 2.10, 2.11 these geometric obstructions are all inde-
pendent of each other. In the following example we discuss a class of
collapsing sequences that satisfy the assumptions of Corollary 4.6.
Example 4.7. Let G be a compact m-dimensional Lie group with Lie
algebra g. Since G is compact we can choose a biinvariant metric g.
Then we fix the spin structure
PSpinG – Gˆ Spinpmq.(14)
Next we fix a maximal torus Tk in G. The torus Tk acts on G via left
multiplication. Since the metric g is biinvariant, the maximal torus Tk
acts on G as isometries. In the following we consider the homogeneous
space B :“
Tk
åG with the induced quotient metric h. Let g “ t ` b
be the splitting of the Lie algebra of G into the Lie algebra t of Tk and
its orthogonal complement b – TfpeqB with respect to the biinvariant
metric g. Here e is the neutral element in G and f : G Ñ B is the
quotient map.
By construction f : pG, gq Ñ pB, hq is a Tk-principal bundle. Fur-
thermore, f is a Riemannian submersion with totally geodesic fibers.
We can write g “ gˇ ` f˚h, where gˇ vanishes on vectors orthogonal to
the fibers. For any ε ą 0 we define gε :“ ε2gˇ ` f˚h. We observe that
gε is left invariant for all ε ą 0 and biinvariant if and only if ε “ 1.
As ε Ñ 0 the sequence pG, gεqε converges to pB, hq in the Gromov-
Hausdorff topology. For abbreviation we denote by Gε the Riemannian
manifold pG, gεq. It follows from [CG86, Theorem 2.1] that there are
constants C and d such that | secpGεq| ď C and diampGεq ď d for all
ε P p0, 1q.
Now we show that the assumptions of Corollary 4.6 are fulfilled.
Since the fibers of fε.pG, gεq Ñ pB, hq are totally geodesic for all ε ą 0
it follows that the tensor Tε vanishes identically for all ε ą 0. Moreover,
the vertical distribution Vε is a trivial R
k vector bundle over Gε as T
k
acts on Gε as isometries for all ε ą 0. Thus ∇Vε is gauge equivalent to
the trivial connection for all ε ą 0. Applying this gauge transformation
if necessary, we can assume without loss of generality that ∇Vε is the
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trivial connection on Vε for all ε ą 0. By construction, the fibers of
fε are embedded flat tori. Thus, the induced Levi-Civita connection
on the fiber is the affine connection, i.e. Zε “ 0 for all ε ą 0. Next,
we take a global orthonormal vertical frame pζ1, . . . , ζkq that trivializes
the vertical distribution V1 of pG, g1q. Then pε´1ζ1, . . . , ε´1ζkq is an
orthonormal vertical frame for the vertical distribution Vε of Gε. For
any two horizontal vectors X, Y we calculate
AεpX, Y q “ 1
2
kÿ
a“1
gεprX, Y s, ε´1ζaq
“ 1
2
kÿ
a“1
ε2´1gˇprX, Y s, ζaq
“ εA1pX, Y q.
In particular, it follows that limεÑ0 }Aε}gε “ 0. Hence, all assumptions
of Corollary 4.6 are fulfilled. Thus, if for almost all ε P p0, 1s the
space of affine parallel spinors is nontrivial then there is an induced
spin structure on B and the spectra of the Dirac operators restricted
to the space of affine parallel spinors converges, up to multiplicity, to
the spectrum of the Dirac operator DB of B, if k or dimpBq is even,
respectively to the spectrum of DB ‘´DB, if dimpBq and k are odd.
We conclude this section by comparing Theorem 4.4 with the results
by Lott, Theorem 4.1 and Theorem 4.2. The main differences between
the strategies used in this article and [Lot02a] is first the isometry Q
introduced in Lemma 3.10 and that we did not use either the Bochner-
type formula for the Dirac operator or the minimax characterization.
Nonetheless our results are compatible with the results of [Lot02a]. Let
pMi, giqiPN be a collapsing sequence of spin manifolds in Mpn ` k, dq
converging to an n-dimensional Riemannian manifold pB, hq. First, we
observe that the twisted Clifford bundle Σ˛ B b P is the same as the
Clifford module EB in Theorem 4.2. Moreover, if we would have used
the map Q : L2p Σ˛ B bPq Ñ Saff without the factor avolpZq then we
would have that any Φ P Saff satisfies
DMΦ “ Q ˝ DˇT ˝Q´1Φ` 1
2
γpZq ` 1
2
γpAq ´ 1
2
kÿ
a“1
γpT pζa, ζaqqΦ
This operator restricted to the space of affine spinors is equivalent to
the operator DB of Theorem 4.2 in the case G “ Spinpn ` kq and
V “ Σn`k [Lot02a, (3.9)].
Our results are also compatible with Theorem 4.1 in the case of
G “ Spinpn ` kq, V “ Σn`k and a smooth limit space. We observe
that the space pL2pXˇ, χ dvolq b V qG is up to an isometry equivalent to
L2p Σ˛ B b P, dvolq. Due to the isometry Q, see Lemma 3.10, we were
able to choose the limit measure χ ” 1. The operator pDXq2 arises as
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the limit of the operators pDXiqiPN, where DXi is the Dirac operator on
Mi restricted to the space of affine parallel spinors [Lot02a, (4.6) and
p. 192]. Thus, it follows that pDXq2 is, up to isometry, equivalent to
the operator pDBq2 derived in Theorem 4.4. Hence, Theorem 4.4 is an
accentuation of Lott’s results [Lot02a] in the special case of collapsing
spin manifolds inMpn` k, dq with a smooth limit space.
References
[Bau14] Helga Baum, Eichfeldtheorie, second ed., Springer Spectrum, 2014,
Springer-Lehrbuch Masterclass.
[Bes08] Arthur L. Besse, Einstein manifolds, Classics in Mathematics, Springer-
Verlag, Berlin, 2008, Reprint of the 1987 edition.
[BHM`15] Jean-Pierre Bourguignon, Oussama Hijazi, Jean-Louis Milhorat, Andrei
Moroianu, and Sergiu Moroianu, A spinorial approach to Riemannian
and conformal geometry, EMS Monographs in Mathematics, European
Mathematical Society (EMS), Zu¨rich, 2015.
[CFG92] Jeff Cheeger, Kenji Fukaya, and Mikhael Gromov, Nilpotent structures
and invariant metrics on collapsed manifolds, J. Amer. Math. Soc. 5
(1992), no. 2, 327–372.
[CG86] Jeff Cheeger and Mikhael Gromov, Collapsing Riemannian manifolds
while keeping their curvature bounded. I, J. Differential Geom. 23
(1986), no. 3, 309–346.
[CG90] , Collapsing Riemannian manifolds while keeping their curvature
bounded. II, J. Differential Geom. 32 (1990), no. 1, 269–298.
[Dek17] Karel Dekimpe, A Users’ Guide to Infra-nilmanifolds
and Almost-Bieberbach groups, ArXiv e-prints (2017),
https://arxiv.org/abs/1603.07654v2.
[Fuk87a] Kenji Fukaya, Collapsing of Riemannian manifolds and eigenvalues of
Laplace operator, Invent. Math. 87 (1987), no. 3, 517–547.
[Fuk87b] , Collapsing Riemannian manifolds to ones of lower dimensions,
J. Differential Geom. 25 (1987), no. 1, 139–156.
[Fuk88] , A boundary of the set of the Riemannian manifolds with
bounded curvatures and diameters, J. Differential Geom. 28 (1988),
no. 1, 1–21.
[Fuk89] , Collapsing Riemannian manifolds to ones with lower dimen-
sion. II, J. Math. Soc. Japan 41 (1989), no. 2, 333–356.
[Gil89] Peter B. Gilkey, The geometry of spherical space form groups, Series in
Pure Mathematics, vol. 7, World Scientific Publishing Co., Inc., Tea-
neck, NJ, 1989, With an appendix by A. Bahri and M. Bendersky.
[GLP99] Peter B. Gilkey, John V. Leahy, and Jeonghyeong Park, Spectral ge-
ometry, Riemannian submersions, and the Gromov-Lawson conjecture,
Studies in Advanced Mathematics, Chapman & Hall/CRC, Boca Ra-
ton, FL, 1999.
[Gro81] Mikhael Gromov, Structures me´triques pour les varie´te´s riemanniennes,
Textes Mathe´matiques [Mathematical Texts], vol. 1, CEDIC, Paris,
1981, Edited by J. Lafontaine and P. Pansu.
[KT90] R. C. Kirby and L. R. Taylor, Pin structures on low-dimensional mani-
folds, Geometry of low-dimensional manifolds, 2 (Durham, 1989), Lon-
don Math. Soc. Lecture Note Ser., vol. 151, Cambridge Univ. Press,
Cambridge, 1990, pp. 177–242.
DIRAC OPERATOR AND COLLAPSE 37
[LM89] H. Blaine Lawson, Jr. and Marie-Louise Michelsohn, Spin geometry,
Princeton Mathematical Series, vol. 38, Princeton University Press,
Princeton, NJ, 1989.
[Lot02a] John Lott, Collapsing and Dirac-type operators, Proceedings of the Eu-
roconference on Partial Differential Equations and their Applications
to Geometry and Physics (Castelvecchio Pascoli, 2000), vol. 91, 2002,
pp. 175–196.
[Lot02b] , Collapsing and the differential form Laplacian
: the case of a singular limit space, February 2002,
https://math.berkeley.edu/~lott/sing.pdf.
[Lot02c] , Collapsing and the differential form Laplacian: the case of a
smooth limit space, Duke Math. J. 114 (2002), no. 2, 267–306.
[Mai97] Stephan Maier, Generic metrics and connections on Spin- and Spinc-
manifolds, Comm. Math. Phys. 188 (1997), no. 2, 407–437.
[Now13] Nikolai Nowaczyk, Continuity of Dirac spectra, Ann. Global Anal.
Geom. 44 (2013), no. 4, 541–563.
[Ron96] Xiaochun Rong, On the fundamental groups of manifolds of positive
sectional curvature, Ann. of Math. (2) 143 (1996), no. 2, 397–411.
[Roo17] Saskia Roos, Dirac operators with W 1,8-potential un-
der codimension one collapse, ArXiv e-prints (2017),
https://arxiv.org/abs/1707.00608.
[Roo18] Saskia Roos, The Dirac operator under collapse with bounded curvature
and diameter, Ph.D. thesis, Rheinische Friedrich-Wilhelms-Universita¨t
Bonn, 2018, http://hss.ulb.uni-bonn.de/2018/5196/5196.htm.
[Str16] Alexander Strohmaier, Computation of Eigenvalues, Spectral Zeta
Functions and Zeta-Determinants on Hyperbolic surfaces, ArXiv e-
prints (2016), https://arxiv.org/abs/1604.02722v2.
